ABSTRACT. For a positive integer n, let σ(n) denote the sum of the positive divisors of n. Let d be a proper divisor of n. We call n a deficient-perfect number if σ(n) = 2n − d. In this paper, we show that the only odd deficient-perfect number with four distinct prime divisors is 3 2 · 7 2 · 11 2 · 13 2 .
INTRODUCTION
For a positive integer n, let arithmetic functions σ(n) and ω(n) denote the sum of the positive divisors of n and the number of distinct prime divisors of n, respectively. Let d be a proper divisor of n. We call n a deficient-perfect number with deficient divisor d if σ(n) = 2n − d. If d = 1, then such a deficient-perfect number is called an almost perfect number. In 1978, Kishore [5] proved that if n is an odd almost perfect number, then ω(n) 6. In 2013, Tang, Ren and Li [11] determined all deficient-perfect numbers with at most two distinct prime factors. In a similar vein, Tang and Feng [9] showed that no odd deficient-perfect number exists with three distinct prime factors. For related problems, see [1-3, 5, 6, 8] .
In this paper, we obtain the following result: theorem 1.1. The only odd deficient-perfect number with four distinct prime divisors is 3 2 · 7 2 · 11 2 · 13 2 .
For convenience, let ( · p ) denote the Legendre symbol. Let m be a positive integer and a be any integer relatively prime to m. If h is the least positive integer such that a h ≡ 1 (mod m), then h is called the order of a modulo m, denoted by ord m (a). We take n = p 4 , where p 1 < p 2 < p 3 < p 4 are primes, α i 's are positive integers and β i 's are nonnegative integers with β i α i and
By [5] and [9] , we have d > 1 and α i 's are all even. Let D = p . Then (1.1) p
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THE CASE OF p 2 = 5
In this section, we consider the case of n = p which is absurd. Thus α 2 6. If α 3 4, then
, which is a contradiction. Thus α 3 = 2 and (7 · 19 · 13) | (2D − 1). Thus D > 1001 and
which is impossible. 
which is clearly false. Thus D = 1125. Since ord 5 (149) = 2, ord 25 (11) = 5, we have 5 | (α 3 + 1) and (11 5 − 1) | (11 α 3 +1 − 1). However, 3221 | (11 5 − 1), a contradiction.
which is clearly false. Thus D ∈ {605, 1125, 1359} and β 4 1. Noting that ord 151 (5) = ord 151 (11) = 75, we have 75 | (α 2 + 1) and (5 75 − 1) | (5 α 2 +1 − 1) or 75 | (α 3 + 1) and (11 75 − 1) | (11 α 3 +1 − 1). However, 71 | (5 75 − 1) and 7 | (11 75 − 1), a contradiction.
which is false. Thus D = 605 and β 2 1. Since ord 25 (11) = 5 and ord 5 (p 4 ) = 4, we have 5 | (α 3 + 1) and
This completes the proof of Lemma 2.1.
Lemma 2.2.
There is no odd deficient-perfect number of the form n = 3 α 1 5 α 2 13 α 3 p
4 is an odd deficient-perfect number with deficient divisor
which is clearly false. Thus D 25. By (1.1), we have
Now we divide into the following eight cases according to D.
which is false. If p 4 89, then
which is impossible.
which is impossible. If p 4 47, then
which is false. Thus 53 p 4 89 and α 2 4. Since ord 5 (13) = 4, we have p 4 71 and 
which is false. Thus p 4 67 and α 2 6. Since ord 5 (13) = 4, we have p 4 61 and
which is false. Thus p 4 53.
, which is absurd. Thus α 2 = 2 and 31 | (2D − 1). Thus D > 175 and
which is impossible. Subcase 8.2 p 4 = 47. Since ord 5 (13) = ord 5 (47) = 2 and ord 47 (5) = ord 47 (13) = 46, we have β 2 = β 4 = 0, D 5 2 · 47 2 and 4 is an odd deficient-perfect number with deficient divisor
which is false. Thus p 4 ∈ {23, 29} and d = 1, a contradiction. Thus 
which is absurd. Thus D 45. By (1.1), we have
4 .
Now we divide into the following nine cases according to D.
which is also a contradiction.
which is a contradiction. However,
which is a contradiction. 
which is clearly false. It follows that D > 485 and
which is impossible. If p 4 = 83, then β 1 = β 2 = β 3 = 0 by ord 3 (17) = ord 3 (83) = 2, ord 5 (3) = ord 5 (17) = ord 5 (83) = 4, ord 17 (3) = 16 and ord 17 (83) = 8.
which is false. Thus α 3 4 and 
which is false. Thus α 2 = 4. If α 3 4, then 
which is false. Thus α 2 6. If α 1 = 6, then
Thus 2 ∤ β 4 . Noting that ord 229 (17) = 19, ord 229 (5) = 114, we have
which is a contradiction. If α 1 8, then 
Subcase 9.12 p 4 = 251. Since ord 3 (5) = ord 3 (17) = ord 3 (251) = 2 and ord 17 (3) = ord 17 (5) = 16, ord 17 (251) = 4, we have β 1 = β 3 = 0 and D 3 6 · 17 2 . If α 2 = 4, then
which is absurd. Thus α 3 4 and 
which is impossible. Since ord 17 (3) = ord 17 (5) = 16 and ord 17 (p 4 ) are all even, we have β 3 = 0. Thus D ∈ {867, 1445} and α 3 = 2. However, 307 | (17 3 − 1), a contradiction. 
which is false. Thus D 25. Now we divide into the following nine cases according to D. Case 1. D ∈ {25, 27, 45}. By (2.4), we have α 1 6, α 2 6 and 
which is clearly false. By (2.4), we have α 1 10, α 2 6, p 4 251 and
which is false. Thus 
which is false. Thus p 4 151. By (2.4), we have α 1 12, α 2 6 and
which is false. Thus p 4 139. By (2.4), we have α 1 8, α 2 6 and
which is false. Thus p 4 139.
If 67 p 4 139, then α 2 4. Otherwise, if α 2 = 2, then D 171 and
which is absurd.
, which is false. Since ord 5 (3) = ord 5 (47) = 4 and ord 5 (19) = 2, we have β 2 = 0, D > 1225 and
which is impossible. Thus α 1 = 6. Since ord 5 (3) = ord 5 (53) = 4, ord 5 (19) = 2, ord 53 (19) = 52 and ord 19 (53) = 18, we have β 2 = β 3 = β 4 = 0 and
which is a contradiction.
If p 4 = 59, then β 2 = 0 by ord 5 (3) = 4 and ord 5 (19) = ord 5 (59) = 2. Thus D > 1225 and 
which is impossible. Subcase 9.4 p 4 ∈ {73, 79, 83}. Since ord 5 (3) = 4, ord 5 (19) = 2 and ord 5 (p 4 ) are all even, we have β 2 = 0 and D 625.
which is a contradiction. If α 1 6, then
, which is also a contradiction.
Subcase 9.5 p 4 = 89. Since ord 5 (3) = 4, ord 5 (19) = ord 5 (89) = 2, we have β 2 = 0 and
which is also a contradiction. Thus α 1 = 6. If α 2 6, then 
which is impossible. Thus β 2 = 0 and
which is false. Thus D = 5 4 and α 2 = 4. However, we deduce that the equality (2.4) cannot hold. 
which is false. Thus α 1 4. If p 4 31, then 
which is impossible. Thus p 4 79.
which is false. Thus α 2 = 2 and 31 | (2D − 1). Since ord 5 (3) = ord 5 (23) = ord 5 (37) = 2, we have β 2 = 0. Thus D 1225 and
which is also a contradiction. 
which is impossible. If α 1 6, then D 3 6 and 
which is false. Thus α 1 4. Now we divide into the following four cases according to D. Case 1. D ∈ {25, 27, 29}. By (2.6), we have α 1 6 and α 2 = 4. Since ord 3 (5) = ord 3 (29) = 2, ord 5 (3) = 4 and ord 5 (29) = 2, we have p 4 ≡ 1 (mod 15). If p 4 109, then
which is impossible. Thus p 4 61. If α 2 = 2, then p 4 = 31 and
which is false. If α 2 6, then
which is impossible. Case 2. D ∈ {31, 37}. Then p 4 = D, α 1 6 and 
which is clearly false. Thus 
which is a contradiction. If p 4 47, then
which is clearly false. Thus p 4 = 37. If α 2 = 2, then 
which is clearly false. It follows that α 1 8, α 2 6 and
which is impossible. This completes the proof of Lemma 2.9. 
which is clearly false. Thus D ∈ {15, 25}.
which is false. Since ord 5 (3) = ord 5 (43) = 4, we have p 4 ≡ 1 (mod 5). Thus p 4 131, α 1 6, α 2 6 and
which is clearly false. Thus α 1 6, α 2 6 and 
which is clearly false. Thus D = 9. By (1.1), we have (2.8)
Thus α 1 6 and α 2 6. If α 1 = 6, then p 4 = 1093. Since ord 17 (3) = ord 17 (5) = ord 17 (1093) = 16, we have p 3 ≡ 1 (mod 17). Thus p 3 ∈ {103, 137, 239}. If p 3 = 239, then
which is clearly false. If p 3 ∈ {103, 137}, then 
which is false. Since ord 17 (3) = ord 17 (5) = ord 17 (139) = 16, we have p 4 ≡ 1 (mod 17). Thus p 4 6121, α 3 4 and
which is clearly false. Noting that ord 17 (3) = ord 17 (5) = 16 and ord 17 (149)
which is clearly false. Thus p 4 1327, α 3 4 and
which is clearly false. Thus p 4 1009, α 3 4 and
which is clearly false. Since ord 17 (3) = ord 17 (5) = ord 17 (163) = ord 17 (167) = 16, we have p 4 ≡ 1 (mod 17). Thus p 4 647, α 3 4 and
which is false. Since ord 17 (3) = ord 17 (5) = ord 17 (173) = 16, we have p 4 ≡ 1 (mod 17). Thus p 4 613, α 3 4 and
which is clearly false. Since ord 17 (3) = ord 17 (5) = 16 and ord 17 (p 4 ) are even, we have p 4 ≡ 1 (mod 17). Thus p 4 443, α 3 4 and
which is impossible. Case 9. p 3 ∈ {197, 199}. If p 4 439, then
which is clearly false. Since ord 17 (3) = ord 17 (5) = 16 and ord 17 (p 4 ) are even, we have p 4 ≡ 1 (mod 17). Thus p 4 409, α 3 4 and
which is impossible. Case 10. p 3 ∈ {211, 223, 227, 229, 233, 241}. If p 4 383, then
which is clearly false. Since ord 17 (3) = ord 17 (5) = 16 and ord 17 (p 4 ) are even, we have p 4 ≡ 1 (mod 17). Thus p 4 307, α 3 4 and
which is impossible. Case 11. p 3 = 239. If p 4 317, then
which is clearly false. Thus p 4 313, α 3 4 and
which is impossible. Case 12. p 3 ∈ {251, 257, 263, 269}. If p 4 307, then
which is clearly false. Thus p 4 293. Since ord 17 (3) = ord 17 (5) = 16 and ord 17 (p 3 ), ord 17 (p 4 ) are even, we deduce that the equality (2.8) can not hold. This completes the proof of Lemma 2.11.
THE CASE OF p 2 = 7
In this section, we consider the case of n = p
4 with p 1 = 3 and p 2 = 7.
4 is an odd deficient-perfect number with D 7, then n = 3 2 · 7 2 · 11 2 · 13 2 with deficient divisor d = 3 2 · 7 · 13.
Proof. By (1.1), we have
We will divide into the following seven cases according to D.
which is clearly false. Thus
which is impossible. If p 4 541, then
which is also impossible. Thus 191 p 4 523. By (3.1), we have α 2 6, α 3 6 and
which is false.
which is clearly false. Thus α 1 = 2, p 4 = 13 and
which is impossible. Case 3. D ∈ {13, 17, 19}. Then p 4 = D and
which is impossible. Case 4. D = 21. If α 1 = 2, then p 4 = 13 and
which is impossible. Thus
which is clearly false. If p 4 43, then 
which is clearly false. If p 4 37, then 
which is clearly false. Thus p 4 43.
which is false. Thus α 4 = 2. By (3.1), we have n = 3 2 · 7 2 · 11 2 · 13 2 and d = 3 2 · 7 · 13.
which is clearly false. Thus α 1 = 2 and
which is impossible. Thus α 1 = 4. If α 2 4, then
which is a contradiction. If D 617, then
which is also a contradiction. Thus D ∈ {363, 441, 483, 529, 539, 567}. However, 19 | (7 3 − 1) and 19 ∤ (2D − 1)d, which contradicts with (3.1).
which is false. Thus D ∈ {33, 49, 63, 77, 81, 87, 99, 121, 147}. Since ord 29 (3) = ord 29 (11) = 28 and ord 29 (7) = 7, we have 7 | (α 2 + 1) and (7 7 − 1) | (7 α 2 +1 − 1). However, 4733 | (7 7 − 1), a contradiction.
which is false. Thus D ∈ {33, 49, 63, 77, 81}. Since ord 31 (3) = ord 31 (11) = 30 and ord 31 (7) = 15, we have 15 | (α 2 + 1) and (7 15 − 1) | (7 α 2 +1 − 1). However, 2801 | (7 15 − 1), a contradiction.
which is false. Thus D ∈ {33, 37}. Noting that ord 7 (3) = 6, ord 7 (11) = ord 7 (37) = 3, we have 3 | (α 3 + 1) and (11 3 − 1) | (11 α 3 +1 − 1) or 3 | (α 4 + 1) and (37 3 − 1) | (37 α 4 +1 − 1). However, 19 | (11 3 − 1) and 67 | (37 3 − 1), a contradiction.
which is false. Thus D = 33. Noting that ord 7 (3) = 6, ord 7 (41) = 2 and ord 7 (11) = 3, we have 3 | (α 3 + 1) and (11 3 − 1) | (11 α 3 +1 − 1). However, 19 | (11 3 − 1), a contradiction. This completes the proof of Lemma 3.1.
Lemma 3.2.
There is no odd deficient-perfect number of the form n = 3 α 1 7 α 2 13 α 3 p α 4
4 with D 7.
, which is absurd. Thus α 2 = 2. Noting that ord 7 (13) = 2, ord 7 (17) = 6, ord 13 (17) = 6 and ord 17 (13) = 16, we have β 2 = β 3 = β 4 = 0 and
which is a contradiction. Subcase 6.2 p 4 = 19. Noting that ord 7 (3) = ord 7 (19) = 6 and ord 7 (13) = 2, we have β 2 = 0 and D 49.
If
which is clearly false. If α 1 = 4, then 121 | (2D − 1). Thus D > 143 and
which is absurd. If α 1 = 6, then
which is a contradiction. Thus α 1 8.
which is a contradiction. Thus α 3 4.
which is clearly false. If D 197, then 
which is clearly false. Thus D ∈ {21, 27}. Since ord 41 (3) = 8 and ord 41 (7) = ord 41 (13) = ord 41 (29) = 40, we have D = 27 and α 1 4. Since ord 3 (29) = 2, we have 3 | (α 2 + 1) and (7 3 − 1) | (7 α 2 +1 − 1) or 3 | (α 3 + 1) and (13 3 − 1) | (13 α 3 +1 − 1). However, 19 | (7 3 − 1) and 61 | (13 3 − 1), a contradiction.
which is clearly false. Thus D = 21. Noting that ord 7 (3) = ord 7 (31) = 6 and ord 7 (13) = 2, we deduce that the equality (3.2) cannot hold. This completes the proof of Lemma 3.2. 
which is impossible. Thus D ∈ {7, 9, 17, 19, 21, 23}. Case 1. D = 7. Since ord 17 (3) = ord 17 (7) = 16, we have p 4 103.
which is false. Thus α 1 6, α 2 4 and
which is clearly false. Thus p 4 181. If D 15, then
which is impossible. Thus D ∈ {7, 9}. Since ord 7 (3) = ord 7 (31) = 6 and ord 7 (37) = 3, we have 3 | (α 4 +1) and (37 3 −1) | (37 α 4 +1 −1). However, 67 | (37 α 4 +1 − 1), a contradiction. This completes the proof of Lemma 3.7.
4. THE CASE OF p 2 ∈ {11, 13}
In this section, we study the case of n = p which is a contradiction. Now we divide into the following seven cases according to p 3 .
